Abstract. The Reidemeister orbit set plays a crucial role in the Nielsen type theory of periodic orbits, much as the Reidemeister set does in Nielsen fixed point theory. Let f : G → G be an endomorphism between the fundamental group of the mapping torus. Extending Jiang and Ferrario's works on Reidemeister sets, we obtain algebraic results such as addition formulae for Reidemeister orbit sets of f relative to Reidemeister sets on suspension groups. In particular, if f is an automorphism, an similar formula for Reidemeister orbit sets of f relative to Reidemeister sets on given groups is also proved.
Introduction
Nielsen fixed point theory has been extended to Nielsen type theory of periodic orbits [4, Section III.3] . In the fixed point theory, the computation of the Nielsen number often relies on our knowledge of the Reidemeister set, that is the set of Reidemeister conjugacy classes in the fundamental group. Ferrario [2] made an algebraic study of the Reidemeister set in relation to an invariant normal subgroup. He obtained addition formulae for Reidemeister numbers. Recently we extended his work on Reidemeister sets and obtained similar formulae for Reidemeister orbit numbers in [6] . Jiang [5] made a geometric study of the relation between periodic orbits and conjugacy classes in the suspension groups. Our purpose in this paper is the alternating approach on the mapping torus to obtain addition formulae for Reidemeister orbit numbers.
Given a group endomorphism f : G → G, the Reidemeister set of f , denoted by R(f ), is the set of orbits of the left action of G on G ), and its cardinality is the Reidemeister number R(f ) of f . When f is the homomorphism induced by a map X → X on the fundamental group π 1 (X), R(f ) is an upper bound for the Nielsen number N (f ), N (f ) is usually the minimal number of fixed points in the homotopy class of that map.
For a given integer n > 0, f acts on the Reidemeister set R(f n ) of the n-th iterate f n . An orbit of this action is called a Reidemeister orbit, the set of all such orbits is the Reidemeister orbit set RO (n) (f ) introduced in [6] . When f is the homomorphism induced by a map X → X on π 1 (X), its cardinality RO (n) (f ) is an upper bound for the number of essential n-orbits, the latter being a lower bound for the number of n-orbits in the homotopy class. Now let f : G → G be an endomorphism between the fundamental group of the mapping torus, and
of extended suspension groups. Under certain conditions, we have an addition formula of the form
where m j = n/ j , j being the length of the orbit j, and ϕ m j ,j : H → H is an inner automorphism. If f : G → G is an automorphism, then the extended suspension group G f is an HNN extension of G relative to f (see [7] ). In this case under suitable conditions, we have an addition formula of the form
where ψ j : H → H is a twisted version of the restriction map f H . This paper consists of three sections. In the first section we describe some algebraic results in [2] and [6] on the Reidemeister sets and the Reidemeister orbit sets, while setting up our notation. The second section contains our results on extended suspension groups. In the last section we obtain an addition formula for an automorphism.
For the basics of Nielsen fixed point theory, the reader is referred to [1] and [4] . 
of Reidemeister sets, where R(f H ) is the Reidemeister set of the restriction map f H : H → H, and R(f ) is the Reidemeister set of the induced mapf :Ḡ →Ḡ.
The function i * is not injective in general. In a paper of Davide Ferrario [2] , an f -invariant normal subgroup T f (K) in H is identified so that under certain conditions, the image i * R(f H ) is in one-to-one correspondence with the Reidemeister set R( f H ) of the induced map
there exists a surjection
Moreover, A is injective whenever
where f is induced by f : G → G.
is a bijection.
How do we deal with q
for all g ∈ G, and let ϕ αH : H → H and ϕᾱ :Ḡ →Ḡ be its restriction and projection respectively. Then there is a canonical bijection of the Reidemeister sets of ϕ α and f , denoted by
Moreover, we have a commutative diagram of exact sequences in the category of pointed sets:
From [6] , we introduce our's results on the Reidemeister orbit sets. Suppose f : G → G is an endomorphism. Definition 1.6 [6] . Let n > 0 be a given integer. Then f acts on the Reidemeister set R(f
f . The set of all such Reidemeister f -orbits will be called the Reidemeister n-orbit set of f , denoted by RO (n) (f ).
The length of the orbit [γ]
Remark 1.7 [6] . RO (n) (f ) is the set of equivalence classes in G of the following equivalence relation: g, g ∈ G are equivalent if and only if
gives us an exact sequence in the category of pointed sets
of Reidemeister orbit sets. The following lemma is very useful for computing Reidemeister orbit sets. Lemma 1.8 [6] . Suppose n > 0 and g ∈ G are given. Suppose the orbit [ḡ]
∈ RO
(n) (f ) has length , and let m := n/ . We have a commutative diagram of exact sequences in the category of pointed sets:
where the vertical maps σ andσ are induced by inclusions, and they are surjective. Furthermore, σ restricts to a bijection
).
Alternative approach on the mapping torus
Definition 2.1. Motivated by the fundamental group of the mapping torus, we define, for an endomorphism f : G → G, the suspension group
Note that when f is an automorphism, G f is a semi-direct product Z G. The following fact is taken from the paper [5] . 
In other words, there is an injection
where G f c is the set of conjugacy classes in G f .
Proof. It is also directly proved as follows: Suppose [g]
. By Remark 1.7, there exists γ ∈ G and i ≥ 0 such that
. On the other hand, suppose that gz
for some δ ∈ G and i, j ≥ 0, so we get
This shows that [g ]
Now let f : G → G be an endomorphism and H ⊂ G be an f -invariant normal subgroup, as in the previous section. The short exact sequence
where
Now we will apply the concept of the length of orbits to the mapping torus. Let f : G → G be an endomorphism. If |n, then by definition 2.1 the suspension group for f is
Applying Proposition 2.3 to the endomorphism f , we have
This shows that [g ]
The proposition 2.5 tells us the following: 
Proof. First we will show that α
Suppose that [y]
, and
] c ) for s, t ≥ 0 and y ∈ G. Then we have
This shows that the restriction map α
is surjective.
A conjugacy class is a Reidemeister class of the identity automorphism. By Lemma 1.5 we have Proof. Applying Lemma 1.5 to the identity automorphism 1 G f :
G f → G f , then we can easily get the conclusion.
Combining Proposition 2.6 and 2.7 we have , then the restriction map is bijective.
The results in Section 1 can be applied to the endomorphism ϕ m,g . We have some additive formulae for Reidemeister orbit sets relative to the Reidemeister sets on suspension groups.
